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Abstract. We consider a Gross-Pitaevskii equation witli a nonlocal inter- 
action potential. We provide sufficient conditions on the potential such that 
there exists a range of speeds in which nontrivial traveling waves do not exist. 



1. Introduction 

1.1. The problem. We consider finite energy traveling waves for the nonlocal 
Gross-Pitaevskii equation 

(1.1) idtu- Au-u{W {l~\u\^)) ^0, u{x,t) eC, X eR'^ , t eR. 

Here * denotes the convolution in and W is a real-valued even distribution. 
The aim of this work is to provide sufficient conditions on the potential W such 
that these traveling waves are necessarily constant for a certain range of speeds. 
Equation (|l.ip is Hamiltonian and its energy 

E{u{t))^\[ \Vu{t)\^dx + -[ (l^*(l-Ki)P))(l-|"Wnd^ 

is formally conserved. A traveling wave of speed c that propagates along the a;i-axis 
is a solution of the form 

Uc{x, t) = v{xi - ct, X±), X± = {X2, . . . , Xn)- 

Hence the profile v satisfies 

(NTWc) icdiv + Av + v{W * (1 - \v\^)) = in 

and by using complex conjugation, we can restrict us to the case c > 0. Note that 
any constant (complex- valued) function v of modulus one verifies (jNTWc^ , so that 
we refer to them as the trivial solutions. 

Notice that, in the case that W coincides with the Dirac delta function, (jNTWcP 
reduces to the classical Gross-Pitaevskii equation 

(TWc) icdiv + Av + v{l ~ \v\^) = in R^. 

Equation (jTWcP has been intensively studied in the last years. We refer to fS] for 
a survey. From now on we suppose that N > 2 and we recall the following results. 
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Theor em 1.1 ([SI [6l [IH [17]). Let v e i/i^^(R^) be a finite energy solution of 
(jTWc|) . Assume that one of the following cases hold 

(i) c = 0. 

{a) c > \f2. 

(Hi) N = 2 andc= V^. 
Then v is a constant function of modulus one. 

Theorem 1.2 ( [H [3 [lOl [H [24] ) . There is some nonempty set A C (0,^2) such 
that for all c G A there exists a nonconstant finite energy solution of (|TWc|) . 
Furthermore, assume that N > 3. Then there exists a nonconstant finite energy 
solution of (YWdf for all < c < V^. 



It would be reasonable to expect to generalize in some way these theorems to the 
nonlocal equation (jNTWeP . The aim of this paper is to investigate the analogue 
of Theorem II. II in the cases (i) and (ii) Before stating our precise results, we give 
some motivation about the critical speed. 



1.2. Physical motivation. As explained in ^13j, (|l.ip can be considered as a 
generalization of the equation 

(1.2) ihdt'^{x,t) = A«'(x,i) + *(a;,t) / |^'(y, i)| V(a; - y) dy, in x R, 

2m Jkjv 

introduced by Gross [TH] and Pitaevskii [27] to describe the kinetic of a weakly 
interacting Bose gas of bosons of mass m, where ^ is the wavefunction governing the 
condensate in the Hartree approximation and V describes the interaction between 
bosons. 

In the most typical approximation, V is considered as a Dirac delta function. 
Then this model has applications in several areas of physics, such as superfluidity, 
nonlinear optics and Bose-Einstein condensation [211 [201 [251 [TT] . It seems then 
natural to analyze equation (|1.2p for more general interactions. Indeed, in the 
study of superfluidity, supersolids and Bose-Einstein condensation, different types 
of nonlocal potentials have been proposed [71[21 [ni[2gi[251[221[5Ul[T21 [gi[T]. 

Let us now proceed formally and consider a constant function uq of modulus 
one. Since (|1.1|) is invariant by a change of phase, we can assume uq ^ 1. Then the 
linearized equation of (|l.ip at uq is given by 

(1.3) idtu- Au + 2W *Re{u) = 0. 

Writing u = Hi + iu2 and taking real and imaginary parts in p.3p . we get 

-dtU2 - Aui + 2iy * ui = 0, 
dtui ~ Au2 = 0, 

from where we deduce that 

(1.4) u - 2Ty * (Au) + A^u = 0. 

By imposing u — e*(€-^~"'*), k; g R, ^ G R^, as a solution of (|1.4p . we obtain the 
dispersion relation 

(1-5) (^0)' = 1^1' + 2^01^1', 
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where W denotes the Fourier transform of W. Supposing that W is positive and 
continuous at the origin, we get in the long wave regime, i.e. ^ ~ 0, 

Consequently, in this regime we can identify (2Vl^(0))^/^ as the speed of sound waves 
(also called sonic speed), so that we set 

Cs{W) = (2W^(0))i/2. 

The dispersion relation ()1.5p was first observed by Bogoliubov [7J on the study of 
Bose-Einstein gas and under some physical considerations he established that the 
gas should move with a speed less than Cs{W) to preserve its superfluid properties. 
From a mathematical point of view and comparing with Theorems 11.11 and II . 2i this 
encourages us to think that the nonexistence of a nontrivial solution of (INTWc|) is 
related to the condition 

(1.6) c>Cs{W). 

Actually, in Subsection ll.4l we provide results in this direction and in Subsection ll.51 
we specify the discussion for some explicit potentials W which are physically rele- 
vant. 



1.3. Hypotheses on W. Let us introduce the spaces A4p^q{M.^) of tempered dis- 
tributions W such that the linear operator / i— * / is bounded from Lp(E.^) to 
L''{R^). We will use the following hypotheses on W. 

(HI) is a real-valued even temperated distribution. 
(H2) W e X2,2(M^)- Moreover, if > 4, 

(1.7) W e MN/iN-l)M^'') n A^2A'/(Ar-2),co(K^) H M 2N/{N-2),2N/{N-2)\'^ )■ 

(H3) W is differentiable a.e. on and for all j, fc e {1, • • • , N} the map f 

£,jdkW{£,) is bounded and continuous a.e. on M.^ . 
(H4) W>0 a.e. on R^. 

(H5) W is of class in a neighborhood of the origin and W{0) > 0. 

Recall that the condition W G M2A^^) is equi valent to W £ L°°{R^) (see e.g. 
[H]). Therefore [(H4)] makes sense provided that |(H2)| holds. It is proved in [13] 



that under the assumptions |(H1)[ |(H2)| and (H4) the Cauchy problem for (II. ip 



with nonzero condition at infinity is globally well-posed. Actually, condition (|1.7p 
is more restrictive that the one used in |13| in dimension A^ > 4, but we need it to 
ensure the regularity of solutions. More precisely, in Section [5] we prove that under 
the hypothesis |(H2)[ the solutions of (jNTWc|) are smooth and satisfy 

\v{x)\ — > 1, Vi'(x) 0, as |a;| — ^ oo. 

On the other hand, by Lemma [Ol ([IT)) is at least fulfilled for W G ^^(R^) n 
L^(R^). 

Assumption |(H2)"] also implies that E{v) is finite in the energy space 
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Furthermore, if |(H4)| also holds, then by the Plaiicherel identity 



Eiv) ^ - 



1 



W^ll- hPP > 0. 



4(27r)^ 

In Subsection 11.51 we show several examples of distributions W satisfying the con- 



ditions (HI) (H5) 



1.4. Statement of the results. 



Theorem 1.3. Assume that W satisfies (HI) (H5) Let c > Cs{W) and suppose 
that there exist constants ai , 

N 

(1- , 

fe=2 

and 

N 

(1.9) 

k=2 

for all j G {2, . . . , N}, where :— c^/(cs(W^))^ — 1. Then nontrivial solutions of 
(jNTWcP in £{R^) do not exist. 

To apply Theorem ll.3l we need to verify the existence of the constants cti, . . . , ctat 
satisfying (jl.Sp and ()1.9p . To avoid this task, we provide two corollaries where the 
conditions for the nonexistence of traveling waves are expressed only in terms of 
W. 



, (Tjv G Hi such that 
W{0 + ^ (JkikdkWiO - Ti^idiWiO > 0, for a.a. ^ € 

fe=2 

^ CTfc + min <^ -fJi - 1, ^ 2acaj + di - 1 ^ > 0, 



Corollary 1.4. Assume that W satisfies (HI) (H5) and also that 
(1.10) l¥(e)>max 1,-— ^|aafcW^(0| + |65iW^(0|, for a. a. 



Suppose that c > Cs{W). Then nontrivial solutions of (jNTWcP in £(]R^) do not 
exist. 



Corollary 1.5. Assume that W satisfies (HI) (H5) , Suppose that 

' (TV -1)^(0 



(1.11) c,{W) <c< Cs(W) 1 + inf — j-^ ^ , 

Then nontrivial solutions of (|NTWcP in £(R^) do not exist. 
Concerning the static waves, we have the following result. 



for a. a. ^ G 



Theorem 1.6. Assume that W satisfies (HI) (H4) Suppose that c = and that 

(1.12) CidjW{() < 0, for a.a. ^ S R^, 

for all j e {1, . . . , N}. Then nontrivial solutions of (jNTWc|) in £{M.^) do not exist. 

Note that in the case W — aS, a > 0, W = a and so that \7W = 0. Then 
conditions PTTU)) . (fTTTT]) and (fTTT^ hold. Therefore, invoking Corollary O or O 
and Theorem 11.61 we obtain the nonexistence of nontrivial solutions for all 

(1.13) c e {0}U (%/2^,oo). 
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In particular, considering a = 1, we recover Theorem ll.il in the cases (i) and (ii) 

So far, in view of |(H5)[ we have assumed that W is regular in a neighborhood 
of the origin, which in particular allows us to define Cs{W). However there are 
interesting examples of kernels provided by the physical literature such that W 
is not continuous at the origin and then Cs{W) is not properly defined. For this 
reason we will work with a more general geometric condition on W. More precisely, 
denoting by {ek}ke{i....,N} the canonical unitary vectors of R^, we introduce the 
function 

(1.14) Wj{ui,iy2) --^W {1^161+ 1^26 j), (i^i,i/2) e M^, j e {2,. 

and the set 

Fj,, := {i. = (1^1,1^2) e : W\'' + 2wj{v)\vf - c^vl = 0}. 



Then Theorem 11.31 can be generalized if we replace (H5) by the condition 



(H6) For all j e {2, . . . , iV} and c > 0, there exist (5 > and two functions 7^*"^ 
and 7~^, defined on the interval (0,(5), such that the set Fj^c H i?(0, (5) has 
Lebesgue measure zero, 7^^^ G C^((0,(5)), and 

7+,(i)>0, 7,~cW<0, (i,7tW)Gr,-c, foralHe (0,5). 

Moreover, the following limits exist and are equal 

2 / _ , ,\ 2 



lim 

t-i.O+ 



t 



= lim 



t 




Figure 1 . The curves jf^ of condition |(H6)[ 

Figure [1] illustrates condition |(H6)[ The fact that |(H5)| and ()1.6p actually imply 
|(H6)| is proved in Section |4] (see Lemma HTJ. We also note that from |(H6)] we infer 
that limt_j.o+ "yf^i^) = 0. Moreover, if W is even in each component, that is 

Wii^ir^Xu {^1^X2, i-ir^XN) = W{XI,X2, . . . , Xn), 

for all (mi, . . . , mw) e {0, 1}^, then -f^^ = -7+,, for all j G {2, . . . , N}. 
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On the other hand, if the values tj^c are positive, a necessary condition for the 
existence of a nontrivial finite energy solution of (jNTWcIl is that they are equal. 

Lemma 1.7. Letc > 0. Assume thatW satisfies (H1)| - [(H4)] and 



(H6) with (j^c > 0, 



forallj e {2,...,N}. Letv e £{R^) he a nontrivial solution of (INTWcl) m5(]R^). 
Then 

^l,c = ^2,c = • • • = £n,c- 

Now we are ready to state our main result in its general form. 
Theorem 1.8. Let c > 0. Assume that W satisfies (HI) (H4) awri |(H6)| with 

(1.15) e,:=£i^,^e2^,^---^eN^c>o. 

Suppose that there exist constants (Ti, . . . ,(Tjv G K such that 

N 

(1.16) W{0 + 4 ^ <jMW{0 - ai^idiWiO > 0, for a.a. ^ e R^, 

k=2 

and 

N . (7-1 1 

(1.17) ^(7fe+min|-ai-l,^i-p^,24(Tj +ai-lj > 0, 

for all j G {2, . . . , N} . Then nontrivial solutions of (jNTWcP in £(R^) do not 
exist. 



Finally, we give the corresponding analogue of Corollaries I1.4H1.5I 

Corollary 1.9. Let c> 0. Assume that W satisfies [(H1)H(H4)[ [(H6)] and pTTSll . 

Suppose that either (|1.10p or 

L<inf (^-l)^(^) 



hold. Then nontrivial solutions of (jNTWcP in £(R^) do not exist. 

1.5. Examples. In this subsection we provide some potentials of physical interest 
for which the Cauchy problem for (|l.ll) is globally well-posed (see [13]). 

(I) Given the spherically symmetric interaction of particles, in physical models 
it is usual to suppose that W is radial and then so is its Fourier transform, namely 

for some function p : [0,cx)) — > R. Assuming that p is differentiable, we compute 

(1.18) ^^dkWiO^p'Q^l)^^, for all e e \ {0}. 

Then, using that J2^^=2 ~ I'CP ~ ^^^^ \^k\ < we obtain that conditions 

(jl.lOp and (|l.lip are respectively satisfied if 

(1.19) ,,ax(l,-^l<inf 



N -1} ~ r>o \p'{r)\r 
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and 
(1.20) 



2p(0) < c2 < 2p(0) 1 + inf -J 



p{r) 



\ r>o \p'{r)\r 



We consider now a generalization of the model proposed by Shchesnovich and 
Kraenkel [Ml 

1 



a,b> 0, 



(l + ar2)V2^ 
so that 

It is immediate to verify that hypotheses (H1)|(H3) (H5) are satisfied. Also, since 
W € L°°(R^), [(H2)] is fulfilled for = 2, 3. Moreover, by Proposition 6.1.5 in [15J, 
we conclude that W S ^^(R^) n L^{R^) for iV > 4 provided that 6 > iV - 1. On 
the other hand, 



(1.21) 



inf 



p{r) 



inf 



1 + ar^ 



r>o \p'{r)\r r>o abr^ b 

Therefore, using (|1.18l) - (|1.2ip and invoking Corollaries 11.411.51 and Theorem 11.61 
we conclude that in the following cases there is nonexistence of nontrivial solutions 
of (INTWcl) in £(R^) 

(a) iV = 2, 6 < 1/2, c e (c^,oo). 



(b) N ^2,b> 1/2, c e (cs, y/2 + 2/b). 

(c) iV 3, 5 < 1, c e (c5,oo). 

(d) iV = 3, 6 > 1, c e (c^, ^2 + 2/6). 



(e) iV > 4, 6 > iV - 1, c e (c„ V2 + 2/6). 

(f) iV = 2 or 3, c = 0. 

(g) iV > 4, 6 > A^- 1, c = 0. 

We remark that if & — 0, — !■ 1 and then W ^ 6 in a, distributional sense. Thus 
the cases (a) and (c) could be seen as a generalization of Theorem 11.11 in the cases 



^i) and (ii) 



(II) Let N = 2,3 and 

We = S + ef, £ > 0, 

where / is an even real-valued function, such that /, \x\'^f, |a;|V/ e ^^(R^). Then 
We = l+efe C^{R^). Since 

(1.22) ^~{5jMf + ^kdJ), 

we have 

II/IIl°°(K") < II/IIl1(R«)7 ll?fcC^j/llL=(R«) < II/IIli(R") + \\X]dkf\\L^(MNy 



Then we see that W satisfies conditioiis ['(H1)| - [(H5)| provided that £ < ||/||ri^|'] 
and that the sonic speed given by 

Cs -.^CsiW) =(2 + 2e [ /V , 
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is well-defined. Moreover ()1.10p is fulfilled if 

/ N 
(1-23) e< 4||/||ii(R«)+^|la:fcafc/|lii 

V fc=i / 

Therefore, under condition (|1.23l) , Corollary 11.41 implies the nonexistence of non- 
trivial solutions of pTWc|) in £{R^) for any c G (c^, oo). 

(Ill) The following potential used in |9l |30] to model dipolar forces in a quantum 
gas yields an example in M.^ where the speed of sound is not properly defined. Let 

W = ad + bK, a,be R, 

where K is the singular kernel 

In the sequel, we will deduce from Lemma 11.71 and Theorem 11.81 that there is 
nonexistence of nontrivial finite energy solutions of (|NTWc[) in £(K^) for all 

(1.24) (2max{a- fe,a})^/2 < c < oo, 
with b = (47r6)/3, provided that a > and either 

(1.25) a>6>0 or a > -26 > 0. 

We now turn to the proof of condition (|1.24p . In fact, since (see [3]) 



W satisfies (HI) (114) if one of the conditions in (|1.25p holds. However, W is not 
continuous at the origin. More precisely, in terms of the function defined in (|1.14l) , 
we have that is constant equal to a > and by Lemma [4.11 there exist curves 
7^ with ^2,0 = c^/(2a) — 1. On the other hand, zu^ is not continuous at the origin 
but assuming (|1.24|) we can explicitly solve the algebraic equation 

{x^ + y^f + 2m{x, v){x^ + y^) - c^x^ = 

and deduce that 



73±^(i) = ±y - a - 26 + y 66*2 + (a + 26)2 + cH"^ , 

for \t\ < c2-2(a-6). Therefore [(II6)] holds and = -l + (66+c2)/(2(a+26)). Note 
that by (|1.25p . ^3,c is a well-defined positive constant. By Lemma [T771 a necessary 
condition so that the equation (jNTWc[) has nontrivial solutions is ^3_c = ^2.c! which 
leads us to 

(c^ - 3a)6 = 0. 

The case 6 = has already been analyzed (see p.l3p ). If 6 7^ 0, we obtain — 3a. 
Hence 4 := h,c = 4,c ^ 1/2. Then, taking cti = and trj = ^3 = 1/2, pTTZ)) is 
satisfied and the l.h.s. of p.l6p reads 



which is nonnegative by (|1.25p . Therefore, by Theorem 11.81 there is nonexistence 
of nontrivial solutions of (|NTWcP in £:(R^), provided that pr24| and pr25| hold. 
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As proved in [13], the Cauchy problem is also globally well-posed for other in- 
teractions such as the soft core potential 



with a > 0. However, our resuhs do not apply to this kernel, since the changes of 
sign of W will prevent that an inequality such as (|1.16p can be satisfied. Moreover, 
in this case the energy could be negative making more difficult the analysis. Nev- 
ertheless, W is positive near the origin and the sonic speed is still well defined, so 
that it is an open question to establish which are the exact implications of change 
of sign of the Fourier transform in the nonexistence results. 

1.6. Outline of the proofs and organization of the paper. We recall that 
Theorem II . ll| (i) | f ollows from a classical Pohozaev identity. Gravejat in [16] proves 
Theorem ll.lj|(ii)| by combining the respective Pohozaev identity with an integral 
equality obtained from the Fourier analysis of the equation satisfied by 1 — Our 
results are derived in the same spirit. In the next section we prove that conditions 
I (HI) I and [(H2)] imply the regularity of solutions of (jNTWcJ. In Section |3] we prove 
that condition |(H6)| allows us to generalize the arguments in [16] so that we can 
derive the integral identity p.ip . The fact that the set ^ is described by the 
curves is a consequence of the Morse lemma, as explained in Section 2) 

In Section [5] we establish a Pohozaev identity for (jNTWc^ with a "remainder 
term" depending on the derivatives of W. Although this identity can be formally 
obtained for rapidly decaying functions, its proof for functions in £(R^) is the major 
technical difficulty of this paper and relies on Fourier analysis and the fact that W 
is even. As in [8J, we then see in Section [5] that Theorem 11.61 is as straightforward 
consequence of this relation. 

In Section |6] we also show that we can recast the identities described above as 
a suitable linear system of equations for which we can invoke the Farkas lemma 
to obtain the nonexistence conditions given in Theorems 11.81 and 11.31 The corol- 
laries stated in Subsection 11.41 then follow by choosing the values of cti , . . . , ctat 
appropriately. 

Notations. We adopt the standard notation C(-, •,...) to represent a generic con- 
stant that depends only on each of its arguments. For any x,y £ R^, z,w & C, 
we denote the inner products in and C, respectively, by x.y = X^i^i ^iUi 
{z,w) = lie(zw). The Kronecker delta dkj takes the value one if fc = j and zero 
otherwise. J-{f) or / stand for the Fourier transform of /, namely 



and J- ^ for its inverse. 

From now on we fix c > 0. We denote hy v ~ vi + iv2 (ui, V2 real- valued) a 
solution of (jNTWcP in £(R^). We also set the real- valued functions 




Him = fio 




dx, 



p:=\v\ = {vl+viy^', r,:^l-\v\\ 
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2. Regularity of solutions 

Lemma 2.1. Assume that W G A^2,2(K^)- Then v G Wi^'/^^(R^). Suppose 
further that 2 < N < 3. Then v is smooth and bounded. Moreover, rj and Vv 
belong to W^^p(M.^), for all k e N, 2 < p < oo. 

Proof. Let x G and Br B{x, r) the ball of center x and radius r. Then 

(2.1) \\v\\l.(b,) = \\\v?\\mB,) < \\\v\''l\\L2^^.^ + \\l\\mB,)<E{v)+C{N). 

On the other hand, we can decompose v as v ~ zi + Z2 + z^, where zi, Z2 and 23 
are the solutions of the following equations 

-Azi = 0, inSi, 
zi — V, on dBi, 



(2.2) 
(2.3) 
(2.4) 



— Az2 = icdiv, ill Bi, 

Z2 = 0, on 9-Bi, 

-Az3 = i;(VF * 77), in Bi, 
Z3 = 0, on dBi. 



Since zi is a harmonic function, 

\\zi\\c>^(B,^^)<C{N,k,E{v)), 



for all fc G N. Using the Holder inequality. (|2.1ll and elliptic regularity estimates, 
we also have 

\\z2\\w^-'-(Bi) < C{N,E{v)), 11^311^2-4/3(51) < C{N,E{v))\\W\\L^(ji^N)\\T^\\L2(^N). 

Therefore ||w||^y2,4/3(Bj^2) — ^(-^ ^-E{''^)^''l^^)■ Furthermore, by the Sobolev em- 
bedding theorem we deduce that |li^||L°c(Biy2) is bounded for N = 2 and then this 
bound holds uniformly in . If = 3, we conclude that ||i^||li2(Bi/2) ^'^i" 
formly bounded. Then using the same decomposition p.2p - p.4p in the ball -B1/4, 
identical arguments prove that HwUvf^. 12/7(^1^4) ^ C{N^E{v)^r],W), which by the 
Sobolev embedding theorem in dimension three implies that ||i'||L°°(Biy4) is uni- 
formly bounded. Consequently, v G i°°(M^) for = 2,3. 

Finally, using again (I2.2p - (|2.4p and a standard bootstrap argument, we conclude 
that V G T^'='°°(R^) for all G N. 

Now, setting w — djV. j G {1, . . . , A^}, and differentiating (jNTWc^ with respect 
to Xj, we obtain for any A G M 

L\{w) :— —Aw — icdiw + Xw — djv{W * 77) -I- v{W * dj7]) + Aw, in M^. 

Since Wv G L°°(M^) n L2(M^), we deduce that the r.h.s. belongs to L2(M^). 
Then, for A > large enough, we can apply the Lax-Milgram theorem to the 
operator Lx to deduce that w G H'^{R^). Thus Vv G H'^{R^) and a bootstrap 
argument shows that Vv G i?'^(M^), for all fc G N and therefore, by interpolation, 
Vw, r] G W'''P{R^), for all p > 2 and fc G N. □ 
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In Lemma [2.11 we needed to differentiate the equation (jNTWc|) to improve the 
regularity, which required that W * Vr] was well-defined. If > 4, proceeding 
as in Lemma [2.1[ we can only infer that V77 G L'^I^'^{MJ^) so that it is not clear 
that we can give a sense to the term W * V77. On the other hand, if iV > 3, the 
fact that Vv e implies that there exists zo G C with \zq\ = 1 such that 

V - zq e L"i^(M^) (see e.g. [W. Theorem 4.5.9]). Moreover, since (|NTWc|) is 
invariant by a change of phase, we can assume that t) - 1 e L—{m.^). Therefore, 

(2.5) V77 = ~2{v ~ 1, Vv) - 2(1, Vv) e i^/(^-i)(R^) + L'{M.'^). 

Then it would be reasonable to suppose that W G M.N/N~i,q{^^), for some q > 
N / N — 1. However, this is not enough to invoke the elliptic regularity estimates and 
that is reason why we work with the assumption (jl.7p in |(II2)| if > 4. We remark 
that to establish precise conditions on W that ensure the regularity of solutions of 
(jNTWcj) in higher dimensions goes beyond the scope of this paper. 

Lemma 2.2. Let N > A. Assume that W satisfies \{E2)\ Then V is bounded and 
smooth. Moreover, rj and Wv belong to W'''P{M.^), for all k £ N, 2 < p < 00. 

Proof. From (fL7)l . by duahty (see e.g. p21) we infer that W G 7Wi,Ar(M^) n 
■Mi,2N/{N+2)(^^)- Then, from the Riesz-Thorin interpolation theorem and the 
fact'that (1/2, {N-2)/{2N)) and ((TV - 1)/7V, {N~2)/{2N)) belong to the convex 
hull of 

{ ' ( V' ' ' I) ' ^) } ' 

we conclude that 

(2.6) W eM2,2N/iN-2)0^^) and W e MM/(N-l).2N/iN-2){^'')- 

As mentioned before, we can assume that w := d — 1 G L«-2 (M^). Then using 
|(H2)[ (1^ and we are led to 

(2.7) * r/, * V77 G L°°(M^) n L'^'^^^'^-'^Hr^). 
Now we recast (jNTWcj as 

(2.8) Lx{v):^-Av-icdiv + Xv^v{{W*r]) + \) + in R^, 

for some A > 0. By ^1}, the r.h.s. of JM]) belongs to L^^/<^^-^\R^). Then 
choosing A large enough, we can apply elliptic regularity estimates to the operator 
Lx to conclude that i G W^''^^/^'^~^\R^). Then 

d,,,rj = -2{{v-l,d,,kv) + {d,v,dkv) + {l,d,^kv)) G i^/(^-i)(M^)+L2^/(^-2)(R^), 

for any 1 < j,k < N. Therefore, by ^Jij and ([231), W * dj^kV € L°°{R^) D 
L^N/(N-2)^ Thus the r.h.s. of belongs to W^^^'^/^^~^\R^), so that i G 

W^-'^'^I'^^-'^^MJ^). a bootstrap argument yields that v G Vl^'=^2W/(w-2)(-j^Ar)^ f^^. 
any /c G N. By the Sobolev embedding theorem, we conclude that v G iy'='°°(R^) 
for any fc G N. Then the conclusion follows as in Lemma [2. II □ 

Lemma 2.3. L etW L^{R^) if2 < N <3 andW e L^R^)nL^{R^) if N > 4. 
Then W fulfills \(m)\ 



12 



ANDRE DE LAIRE 



Proof. Since W E L^(M^), by the Young inequality we have 

/IIlp(r«) < I|W^I1li(r")II/IIlp(k"), for any p e [l,oo]. 

Then, taking p = 2, we conclude that |(H2)| holds for 2 < iV < 3. For iV > 4, we 
have W G ii(R^) n i^(M^). In particular, W € L2W/(Af+2)(]gA') young 
inequality implies that 

11^ * /IIl=-(r") ^ I1W^I1l"(r")I1/I1l"/<"-i)(r«): 

11^ * /IIl°°(R«) < ll^llL2«/(« + 2)(RN)||/||i2JV/(N-2)(R]V-). 

Therefore [(H2)] is satisfied. □ 

Corollary 2.4. Assume that W satisfies |(H2)[ T/ien w is smooth and bounded. 

Moreover, rj and Vf belong to W''^p{R'^), for all k <E 2 < p < oo, and 

(2.9) p{x) 1, \7v{x) 0, as \x\ -^■ oo. 

Furthermore, there exists a smooth lifting of v. More precisely, there exist Rq > 
and a smooth real-valued function 6 defined on -0(0, RqY, with W9 £ M^'^'^(i3(0, RqY), 
for all k £ N, 2 < p < oo, such that 

(2.10) p>i and v = pe'^ onB{Q,Rof. 



Proof. The first part is exactly Lemmas 12.11 and 12.31 In particular, v and Vw are 
uniformly continuous on M^. Then, since 1 - |wp G L'^{R^) and Vv £ L'^{R'^), 
we obtain (12. 9p . The existence of the lifting satisfying (|2.10p follows as in [251 
Proposition 2.5]. From (|2.10p we also deduce that 

|Vvp = |Vp|2+p2|v0|2 on5(0,i?o)'- 

Since p > 1/2 on B(0,i?o)^ we infer that Ve* G W'''P{B{0, RqY), for aU fc e N, 
2 < p < oo. □ 

In virtue of Corollarv l2.4l we introduce the function (j> G C°°{M.^), \4>\ < 1, such 
that (/) = on B{0, 2Ro) and = 1 on 5(0, SRo^. In this way, we can assume the 
function (j)d is well-defined on M^. This will be useful in the next section to work 
with global functions in terms of 9. In fact, we end this section with the following 
result. 

Lemma 2.5. Assume that W satis fies \(H.2)\ Then 

(2.11) G ~viWv2~'V2Vvi-V{(l)0), onR^, 

belongs to W'''P{R'^), for all k e N and 1 < p < oo. 

Proof By Corollary O G e C°°(M^) and moreover 

G = -T]V9 onS(0,3i?o)^ 

Since VO € W''^p{B{0, RqY) and ri e W'''P{B{0, Ra)''), for all A: e N, 2 < p < oo, 
the conclusion follows. □ 
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3. An INTEGRAL IDENTITY 

The aim of this section is to prove the following integral identity. 

Proposition 3.1. Let c > 0. Suppose that \(H2)\ artri |(H6)"] hold with ij^c > 0, for 
some j e {2, . . . ,N}. Then 

(3.1) [ {\^v\^+v{W*v))^~c-^^ [ {v,diV2-V2d,v,^d,{^e)). 

We note that since W satisfies |(H2)[ all the results of Section [2] hold. On the 
other hand, from (jNTWc^ we deduce that r; = 1 — |up satisfies 

(3.2) Ari = -F + 2W*ri^2cdi{(j)e). 
where 

F := 2|Vi;p + 2'q{W * rj) + 2cGi. 

and G ~ (Gi, . . . , Gat) was defined in (|2.1ip . Considering real and imaginary parts 
in (|NTWc[) and multiplying them by V2 and vi, respectively, it follows that 

(3.3) div(G) viAv2 - V2AV1 - A{(j)9) = ^dir] - A(06'). 
Therefore, from (|3.2p and (|3.3p . we conclude that 

(3.4) A^T] - 2A{W * r/) + c^d'^^Tj ^ -AF + 2cai(div G), in R^. 

Since we are assuming |(H2)[ by Corollar v 12.41 and Lemma [2T5l we have that F,G £ 
W'='i(R^) n W'^'^iR^), for aU fc € N, so that ^ stands in L^{R^). Taking the 
Fourier transform in equation p.4p and setting 

R{0--^\(\' + 2Wm\'-c'ei and i/(0 |^P%) - 2cf] 6C,G,(0, 

i=i 

we get 

(3.5) RiOm^HiO, mi'(R^). 

Lemma 3.2. Let c > 0. Suppose that |(H2y| and |(H6)] hold. Then for all j G 
{2,. ..,7V}, 

(3.6) H{tei + 7,t(*)ej) = 0, for all t e (0, <5), 
where 6 is given by \(R6)\ 

Proof. We fix j e {2, . . . , N} and we prove (13. 6p for 7^^. since the proof for is 
analogous. To simplify the notation, we put 7 7^^,. As stated before, F,G £ 
W''^\R^) n VF'='2(R^), for aU fc e N. In particular F, G € Li(R^), so that 
G e G(R^). Thus H is a, continuous function on R^. 

Let S > given by |(H6)[ Arguing by contradiction, we suppose that there exist 
to G (0,^) and a constant ^ > such that |i?(C)| > A, where ^ = toei + 'j{to)ej. 
By the continuity of H, there exists ?■ > such that ^ A, for all ^ e Vr, 

where 

Vr = B{i, r) n {aei + ^ej : a, /3 G R}. 



14 



ANDRE DE LAIRE 



Thus Vr is a two-dimensional set and since to > 0, we can choose r small enough 
such that O^Vr- Then ([331) yields 

(3.7) m)\'>jj^, for alU e \ r,,c. 

We claim that 

(3.8) / := / m^ = +oo. 

Since by hypothesis Tj c H 5(0, 6) has measure zero, p.7p and p.Sp contradict that 

To prove p.Sp . since T/^ is a two-dimensional set, we identify it as a subset of 
and so that we write 62 instead of ej. Then, since Tj ^ H -6(0, S) has measure zero, 

/■ rf^irf^ 

To compute the integral we "straighten out" the curve 7. Namely, we introduce the 
change of variables 

6 = t^i =: $1(1^1, 2^2), 

6 = 1^2 + 7(f^i) $2(i^i,i^2)- 

Since 7 is a C^-function, so is <&. Moreover, there is some set Ur such that Vr = 
and |det(J$(iy))| = 1 for aU 1^ £ Ur- Setting := i?(«'(i/)), ly G C/,-, the 

change of variables theorem yields 

Furthermore, since F G C^{Ur) and F(i^i,0) = for all (i^i,0) G C/r, the Taylor 
theorem implies that for any (ui, V2) G ?7r, there is some D £ Ur such that 

dF dF 

(3.10) F(l/i,!.2) =i^(t^l,0) + — (P)i/2 = ^('^)^2, 

On the other hand, by [(H2)| W G L°°(R^) and by [(H3)| VM/' G L°°{Vr), so that 

||T^||^i.oe(v;) <oo. Thus II VF|Uo.(t;^) < C(r,7)(l + ||W^||v^i.oo(v;)) and from (1313 
we conclude that 

(3.11) |F(i/)| < C(r,7)(l + ||W^||vyi.oo(y^))|i.2|, for all G t/,. 

From (|3.9p and (|3.1ip . taking i> = (z>i, z>2) G Ur such that ^ — ^{C') and e > small 
enough, we conclude that 

I>C{r,-/,W) —>C{r,-f,W) / — = +00, 

Ju^ ^2 Jpi-e J-s ^2 

which concludes the proof. □ 

Finally, we give the proof of identity (|3.ip . 

Proof of Provosition \3.1[ By Lemma [3?2l setting ^^{t) = tei + "ffj(t)ej^ we have 
{t^ + {lUi)f)Fie{t)) - 2ct'G,ie{t)) - 2ct^f(t)G,{e{t)) = 0, t G (0,<5). 
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Dividing by and passing to the limit i — > 0+, 

{l+£j.c)F{0)-2cGiiO)-2cy/t~Gj{0) = {l+ej^a)F{0)-2cGiiO)+2cy^cGj{0) = 0. 



Therefore, since ij^c > 0, Gj{0) = and {l+ej,c)F{0) = 2cGi{0), which is precisely 
H). ' □ 



As a consequence of Proposition 13. 1[ we obtain Lemma 11.71 

Proof of Lemma From (|3.1[) , setting 

J{v)= ( (|V«p +77(1^*77)) and P(v) = /" {vidiV2-V2dxVi-di{(t)e)), 
we infer that 

(3.12) £,,,(J(t;)+cF(«)) = -J(«). 

Since v is nonconstant and > 0, we have that J{v) > 0. Then we deduce from 
that J{v) + cP{v) ^ and 

I- 

^'^ J{v) + cP{v)' 
Since the r.h.s. of the equality does not depend on j, the conclusion follows. □ 

4. The set T^-.c under the condition |(H5)| 

In Section [3] we have seen that identity p.ip is a consequence of the structure of 
the set Fj^c- More precisely, it relies on the fact that |(H67| provides the existence of 
S > and two curves such that 

If W is of class G^ in a neighborhood of the origin and 

1 > 0, 



C2 



we can use the Morse lemma to justify the existence of the curves 7^*^^ and to 
conclude that set Fj ^ consists of exactly these two curves near the origin. Therefore 
the set Fj c looks like Figure [2] and condition |(H6)| is fulfilled. 



Lemma 4.1. Assume that (HI) awd |(II5)] /to/d. Assume also that a c > 0. Then, for 



each j e {2, . . . ,N}, there exist 6 > and functions S C^((-(5, 5))nC^((-(5, 5)\ 
{0}) such that 

(4.1) F,- , n B(0, 5) = {(t, y^{t)) : t e (-(5, 5)}. 
Moreover, 

(4.2) lim y±(i)/< = ±V^, 

t-i.O+ 

is strictly increasing and y^ is strictly decreasing. In particular, |(II6)| is satisfied 
with Ij c = etc- 
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Figure 2. The set Tj^c near the origin for W of class 



Proof. Let us set 

In view of |(H5)[ Rj G C^{B{0, Sq)), for some (5o > 0. Since Wj is even, we have that 

diWj{0, 0) = 92^^j(0, 0) = 0. Then we obtain i?j(0, 0) = 0, Vi?j(0, 0) = 0, 

(4.3) 

^ ^^-(0,0) = -4a,w,(0,0) < 0, ^-5^(0,0) = 4z^;,(0,0) >0, -^^^{0,0)^0. 



dvidv2 



Therefore by the Morse lemma (see e.g. |26l Theorem II]) there exist two neigh- 
borhoods of the origin U^V G 'M? and a local diffeomorphism $:[/—>■ F such 
that 

(4.4) i?j($-i(z)) = -2aciyj(0,0)z2 + 2wj(0,0)z|, for aU z = (21,^2) e V. 
Moreover, denoting $ = ($1, $2) we have for 1 < j, fc < 2 

(4.5) 



9$ 

— ^(:^) ^ as|i/|->0. 
dvk 



From (|4.4[) we deduce that near the origin the set of solutions of Rj = is given 
by the lines 

where we take 5 > such that the set is contained in V . Since $ is a diffeomorphism 
we conclude that 



Fj- e n B(0, 5) = {{xf (i), x^{t)):t^ (-5, <5)}, 



(4.6) 
where 
(4.7) 
(4.8) 

Moreover, differentiating relation (|4.7p with respect to t and using (|4.5p . we infer 
that (xf )'(t) — > 1 as t — > 0. Therefore we can recast (|4.6p as in (|4.ip with g 
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C^((-(5, (5)) n C^((-(5, (5) \ {0}). Furthermore, differentiating (|4.8I) and using again 
(|4.5p we conclude tliat 

(y±)'(o) = ±y^. 

Since S C^{{—S,6)), taking a possible smaller value S, this implies (|4.2p and 
that 2/+ and are strictly increasing and decreasing on (—6,6), respectively. □ 



5. A POHOZAEV IDENTITY 

In this section we establish the following Pohozaev identity. 



Proposition 5.1. Assume that (HI) (H3) hold. Then 
(5.1) 

JR" 4(27r)" Jr« 

(5.2) 

E{v) = / \d,v\' f iv,d,V2 - V2d,v^ - d,m) + f i,d,W\f}\' d^, 

JR« ^ JR« 4(27r)''' Jrn 

for allje{2,...,N}. 

Note that by Lemma [2.51 Gi = vidiV2 — W29ifi — di{(j)d) E L^(M^), thus every 
integral in (|5.ip and (|5.2p is finite. As mentioned in Section[TJ in the case that W is 
the Dirac delta function this result is well-known (see [8j |6l [161 [25]). The standard 
technique is to introduce a function x G C°°(R), with xi^) = 1 for l^^l < 1 and 
x{x) = for |x| > 2, and Xn(x) :— x{x/n). Then, multiplying (jNTWcP by xjXndjv 
and taking real part, we are led to 

(5.3) {icdiv + Av, XjXndjv) - ^{W * ri)xjXndj'n = 0, on M^, 
where we have used that 

Concerning (|5.3I) . we recall the following result. 

Lemma 5.2 ([S H [TH [25]). Let ip = (pi + if2 e £{M.'^) D C°°{R^). Assume that 
there exist R* > and a smooth real-valued function 9 defined on B{Q, R*Y , with 
ye e L^{B{Q,R*Y), such that 

> i and (p=|(/3|e*^ onB{Q,RoY. 

Let 4> e C°°(R^), such that 4> = on B{0,2R*) and 4> = 1 on B{0,3R*Y. Then 
for all j G {1, . . . , N}, we have 

(5.4) lim / {idi(p,XjXndjf) = ^-{1 ~ 6i,j) I {ipidiLp2 - V2di'-pi - di{<j)9)) , 

JR« 2 JjjN 

(5.5) lim/ {Aip,XjXndjip)^- f \dM^ + I f iV^l'' 

JR« JR« ^ JR" 

(5.6) lim -1 / x,xn{i - i^na.d - i / (1 ~ i^n^ 
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Therefore, from (|5.3p and Lemma [5T2| Proposition [O] follows in the case W — 6. 
To motivate our approach, let us briefly recall the proof of (|5.6p . First, we integrate 
by parts to obtain 

An: = -\l X,Xn{l-W?)d,{l-W\^) 

Then, invoking the dominated convergence theorem, 

An = \f Xnil-m' + \f X,d,Xn{l-\'Pmi-\^\')^\ [ (l - , 

as n — >■ oo. In particular, we see that due to a symmetry property, we can write An 
in terms of integrals to which we can apply the dominated convergence theorem. 
However, in our nonlocal case we cannot use this trick and we have to analyze the 
integral associated to the potential energy more carefully. We rely in particular on 
the following general result. 

Proposition 5.3. Let f £ L'^(R'^) n Hl^^{R^) be a real-valued function and W £ 
M2 2{^^)- Assume also that ^m)\ awri [(H^ hold. Then, for all j E {l,...,iV}, 
(5.7) ^ 

lim -i / {w*f)x,xnd,f^ - 1 iw*f)f-jp^f ^Amoim'd^- 

n-i-oo 2 Jrn 4 JjgN 4(27r)^^ J^n 

The proof of Proposition [?751 is rather technical, so that we postpone it. Assuming 
the result, we now give the proof of the Pohozaev identity. 



Proof of Proposition \5.1\ assuming Proposition 1 5. 3[ By putting together ()5.3p - (|5.5p 
(with (p = v) and Proposition 15. 31 we have for j e {1, . . . , N}, 

\ I l^^l' + I / f \d,v\' - (1 - <5i,,)| / {v^d,V2 ~ V2d,v, - d,{x9)) 



1 



4(27r)^ 

which is exactly ([5TT1) - ((g:^ . □ 

We remark that the main problem in order to establish the convergence in 

(|5.7p is that / does not decay fast enough at infinity. Indeed, let us suppose 



that Xjf,Xjdjf e L2(M^). Then by the dominated convergence theorem and the 
Plancherel identity we have 

Bn ■■=-]:( [W * f)xjXndjf - ^ / Wfxjdjf, asn^oo. 

Using (ll.22p . we conclude that 



4(27r) 
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where we have used the Plancherel identity, integration by parts and that djf G 
L'^{M.^). This yields (jg??)) . but only under these more restrictive assumptions. If 
we only have that / G L^(R^) n H^^^{M.^), we can neither invoke the dominated 
convergence theorem nor justify that the second integral in the r.h.s. of (|5.8p is 
finite. Therefore, to deal with the limit n — > oo in Proposition [531 ^6 first establish 
the following lemma. 



Lemma 5.4. Let g e L^(R^) and F eL 



Assume also that F{-,0) S 



i°°(R^) and that 

(5.9) r„) -> F{^, 0), as |r„| ^ 0, for a.a. ^ e R^. 
For LP e C5^(R^), we set 

(5.10) ^„(0 :=ri^^«) a«d M'„(0 := / r)g(^ - r)^„(r) dr, 
/or a. a. ^ G R^. Then 

(5.11) ^ (27r)^i^(-,0)(7(-)v5(0), m ^^(R^), as n ^ oo. 



Proof. Let 



vI/(0 (2^)^^^^(e, O)g(0^(0), for a.a. ^ e 



We notice that by ((57TU)l 
(5.12) 
so that 



(pn{r)dr = / ^{r)dr = (27r)^^(0), 



*n(0 - *(e) = / {F{£.. r)g{^ -r)- F{^, O)g{0)$^{r)dr. 



Then 



(5.13) 



\^niO - <||FLo.(R.«) / |5(^ ~ r) - giOWn{r)\dr 



+ |5(C)I / |^^(e,O-^(e,0)||^„(r)|dr. 
On the other hand, using (jS.lOp and integrating by parts, we are led to 



N 



^{y)e-"'^-ydy 



,N-2l 



AV(y)e""'«-^d2/ 



,N-2l 



< 



2; l|A <^||li(R«), 



for any I G N and any ^ 0. Invoking this estimate for ^ = and the Minkowski 
integral inequality, we get 

(5.14) 



/ 

Jb(o.i 



\9i^ - r) ~ gm\0n{r)\dr 



L2 



< 2||g||i2(RN)||^„||^i(3(Q_i/^-|c) 

.C{N^ II 
- -v/2 ll5lk2(R«)- 
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Similarly, we obtain 
(5.15) 



l5(0l 



\F{tr)-F{tOm,,{r)\dr 



B{0^/^/^)'= 

On the other hand, using again the Minkowski integral inequality and (|5.10p , 



L 



B(0,l/Vn) 



< 



L2(Eiv) 

\9{--r) - .9||L2(Riv)|(^„(r)| 



Li(B(0,l/v/S)) 

< sup \\g{- -y) - g\\L^R«)\\'?7i\\L^B{a.i/^)) 

\y\<i/V^ 

< sup ||.g(- -2/) -.g||L2(RiV)||^||ii(Riv). 



\y\<i/V^ 



Since g e L^{W^ ), we know that 



sup -y)- 5llL2(RiV) ^0, ash^O, 
\y\<h 



so that 
(5.16) 



— >■ 0, as n — >■ +00. 



m~r)^gm$nir)\dr 

(0,1/v^) 

We now turn to the second term in the r.h.s. of (|5.13p . By a change of variables, 
we get that it is equal to 



(5.17) 



|5(0I 



\F{^,r/n)~F{^,0)mr)\dr. 



'B(0,v^) 

Since ipeL^{R^) and 

|F(^,r/n) - F{0\mr)\ < 2||F|U^(R.«)|^(r)|, 
we can deduce from (j5.9l) and the dominated convergence theorem that 

\F{£,, r/n) - F{^)\\ip{r)\dr 0, as n -> +oo. 



s(o,V") 

for ^ e R^. On the other hand. 



|F(e,r/n)-^^(0||^(r)|dr <2||F|Uoo(R2«)||^|Ui(R«)|5(0|, 



'B(0,V^) 

Therefore, again by the dominated convergence theorem. 



1^(01 



s(o,yH) 



\F{^,r/n)-F{Omr)\dr 



— T' 0, as 71 — ^ +0O. 



L2(R«) 



By combining with (|5.13p - (|5.17p . we conclude (|5.1ip . which finishes the proof of 
Lemma 15.41 □ 



Proof of Provosition \5.3[ Setting Wm — ^ ^{Xm^) — -F ^(Xm)*W^, we have that 
W,„ is even, W,„ G C°°(R^), 

(5.18) W„, W, VWm yW a.e. and Wm * g ^ W * g in ^^(M^), 
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for all g G i^(K^), as to ^ oo. Therefore 

(5.19) /„,„, / {W„, * f)xjXnd,f /„ := / XniW * f)x,d,f. 

Moreover, since the Fourier transform of all derivatives of Wm have compact sup- 
port, they are bounded in L^(M^). Then, by the Plancherel theorem, we conclude 
that 

(5.20) e W^-'^i:W.^), for all fc e N. 

In particular, this imphes that * / belongs to Ci(M^) n L2(M^), with 

9j(W™ * /) = djWm * /• 
Thus, integrating by parts, we have that 

(5.21) In^m — Pn^m "t" Qn,mi 

where 



Pn,m = o / i^j^rn * D^jXnf and Qn.m = ^ / * /)(^» + XjdjXn)f- 

By em), 

(5.22) hm Q„.„ = i / (W^ * /)(x„ + x,d,Xn)!- 

Since \xjdjX^x)\ < 2||x'||l°^(k)i by the dominated convergence theorem, 
lim / iW*f){xn+x,d,Xn)f^ I {W*f)f. 

JR" JR" 

On the other hand, by the Cauchy-Schwarz inequality, 

\djWm{x - y)f{y)\dy < ||9,t^™|U2(R«)||/|U.(R«), x G R^, 

JK'" 

so that 
(5.23) 

/ / \djWm{x-y)f{y)Xjf{x)Xn{x)\dydx < 2n\\djWr,r\\L^M")\\f\\l2(TS.N)\\Xn\\L'^(M»)- 
JR" JR" 

Since VFm is an even function, dWm is odd. Then, by (|5.23p we can use the Fubini 
theorem to deduce that 

(5.24) P,i,m = ^ I I djW„i{x - y)f{y)f{x){xjXn{x) - yjXn{y))dydx, 
Let us denote 

(5.25) Gn,,n{x) := I djWrn{x ~ y)f{y){xjXn{x) ~ yjXn{y))dy, 

JR" 

for a. a. x £ M.^ . Arguing as before, using the Young inequality and (|5.20[) . we have 

I|G„^„i||l1(R«) < ||l9jWm|ji2(RN)||/||i2(RiV)||a;jXn||Li(R") + \\d]Wm\\L^(MN)\\fXjXn\\L^(M"), 
l|G„,m|jL2(RJV) < ||(9jWm|ji2(R]V)||/||i2(R]V)||XjX„||i2(R]V) + 1 1 (9j Wm | j ^2 (rn ) 1 1 /XjXn || Li (R«) • 

Thus Gn.7n e i^(M^) n L^(R^). Moreover, since the function x n- XjXn{x) is 
smooth on , we can write 

N 



XjXn{x) - yjXniy) = ^{xk - ykjOkiy, x - y), 
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where 

&k{y,z) := J {Sj^kXniv + tz) + [yj + tZj)dkXn{y + tzf^dt. 
Therefore, the function Gn,m may be written almost everywhere as 

N 

Gn,m{x) i^k- yk)d3W„r(x - y) f {y)dk{y , X - y)dy, 

fc=l 

SO that its Fourier transform is equal to 

N 



Gn,m{p) = / {xk- yk)djWra{x - y)fiy)9kiy, x - y)e 'P ^'dyda 

^ JR« Jrn 

= E/ / Zkd,W,„{z)f{y)0k{y,z)e-'P-^y+'^dydz 

^ JR« JR« 

N 



I I ZkdjW^{z)f{p-r)0kir,z)e-'P-'drdz, 
^ ' k~i -^^^ 

where 

ek{r,z) := / ek{y,z)e-'--ydy 

^^5j.kXn(y + tz) + {y-j + tzj)dkXn{y + tz)^d?j9k{y, zje^'-'^-ydy 

= e^'''-''(5,,kXn{r)+y'^n{r))dt. 
Hence, we are led to 

GnMp) = (27i-)jv X! / „ / ^k^j^rn{p-rt)f{p-r){5.j^kX^i{r)+yjdkXn{r)^ dtdr. 



1 



fc=l 



R« Jo 



At this stage, we note that by (|5.18p and (|1.22D . 

-2fc9jW'„(p) ZkdjW{p) = -pjdkW{p) - Sk.jW{p) a.e, as tth- +oo, 
whereas 

|zfc5jVK™(p)| < (l + 2||x'||l-(r))||W^||l-(r«) + bj9fcVF||i=o(RiV), 
for a. a. p G R^. Invoking the dominated convergence theorem, we deduce that 

Gn,m.{p) ^ Gn{p), asm-)-+oo, 

for a. a. p e M^, where 

(27r)~^,Xwo 



^"(P) 72~yv m / / ^^^^^(P - rt)f{p - r) (^(Jj.feXnlr) + yjdkXn{r)^ dtdr. 



dr. 
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Moreover, since 

\G^{p)\ < ((1 + 2||x'||l~(m)) ||W^||l~(r«) + |bj9jW^|U-(R«)) x 

^ ' fc=i 

X / \f{p-'r)\ Sj^k)Gi{r) +yjdkXn{r) 
it follows again from the dominated convergence theorem that 

Gn,m — Gn in L^(M^), as m +00. 
Hence, recalling (|5.24p and (|5.25[) . we are led to 

(5.26) Pn,m Pn ^ / Gn{x)f{x)dx, as m +00. 

4 JRN 

Finally, since 



yjdkXn{p)^n^ yjdkXi{y)e '"^P-^dy ^n^yjdkXi{np), 

JR« 

Xi = 1 and dkXi ~ on B{0, 1), applying Lemma 15.41 with 

f = Sj.kXi +yj9kXi, F{p,r)^l ZkdjW{p-rt)dt, g = f, 

Jo 

we conclude that 

(5.27) Gn -> Zjd/Wf in L^{R^), as n ^ 00. 

Therefore, in view of ()5.26p . (|5.27p and the Plancherel identity, we have 

^ TtAiv / ^3djWiP)\fip)\^dp^ as n ^ +c5o. 
4(27r)^^ J^N 

By combining with ([TT^ . (|OT|l . (jO^ and we obtain (g^l). □ 

6. Proof of the main results 

We are now in position to provide the proofs of the results stated in Subsec- 
tion O 

Proof of Theorem \1.8[ For j E {1, . . . , N}, let us introduce the notation 

N 

'2 



^ Jr" J-{ 



V:=l {vidiV2-V2diVi-di{x0)), U-=\l {W*ri)i^. 



R" 



In this way 

(6.1) E{v)^lC+U 
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and Propositions 13.11 and 15.11 read 

(6.2) ^ + 2^ = -2(TT4)^' 

(6.3) /C+W = 2/Ci +7^l, 

(6.4) IC+U = 21Cj + TZj, 
for all j e {2, . . . , N}. From ([Q]) and ((Oil , we obtain 

N 

(6.5) (l + 24)/C, +^/Cfc + (4 + 2)^^ = -47^J, i e {2,...,Ar}. 



Therefore, we can write (|6.ip . (16. 3p and (|6.5p as the linear system ~ b, with 

z = (/Ci,/C2, . . . ,/C„,W), = (7^l, -47^2, • • ■ ,-tJiN,E{v)) 
and A e RJV+ixAf+i g-ygj^ by 



'-1, ifi = j = l, 

2 + 4, if j = + 1, 1< i < iV + 1, 

1 + 24, if« = j, i^l, 

1, otherwise. 



Let (T — ((Ti, (72, ■ • ■ , CTjv, ~1). If -ft'(w) = 0, w is constant. Therefore we suppose 
that K{v) > 0. Then using pTTC)) . 

(6.6) 



fc=2 



4(27r) 

< -ii:(u) < 0. 

On the other hand, 



^fc=2 ' 

(A^a), = <( (71 + '^k + 2£caj - 1, if 2 < j < iV, 

^7i + (4 + 2)^f^2^fc-l, if2<j = iV+l. 

Consequently, by (|1.17p . A^a > 0. However, since z > 0, this inequality together 
with (16.611 contradict Farkas' Lemma. □ 



Proof of Theorem \1.3[ It is an immediate consequence of Theorem 11.81 and Lemma 
Ol □ 

Proof of Theorem \1.6[ Using the notation of the proof of Theorem 11.81 by (|1.12p 
and Proposition 15 . II we conclude that 

IC+U<2ICj, for all j e {l,...,Af}. 
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Thus, summing over j, 

2 - iV 

(6.7) U < -^JC. 



Since N > 2, K > Q and U > 0, inequality (|6.7p implies that U = and therefore v 
is constant. □ 

Proof of Corollary \1.4\ Let us take ai = —1 and a := (T2 = ■ ■ ■ = un > 0. In order 
to fulfill dUl), we finally fix 



a = max 



Then ttcff < max{l, 2/(iV - 1)}, so that 

fc=2 ^ fc=2 

Therefore the conclusion follows from (|1.10p and Theorem 11.31 □ 

Proof of Corollarv \1.5\ Taking ai — and (T2 = • • ■ = crjv = l/(-^ ^ 1); we have 
that (jl.Op is satisfied. Let 

(iv-imO 

"~ — mt 



ElL2 169.^^(^)1' 



If TO = +CX3, ^jdjWiO = a.e. for aU j £{2,...,N} and then dTH]) is fulfilled. If 
TO < oo, we note that (jl.lip implies ac < to, so that 

N N 
fc=2 fe=2 

Then Theorem 11.31 vields the conclusion. □ 

Proof of Corollary \1.9l The proof is analogous to that of Corollaries 11.41 and 11.51 
The only difference is that we invoke Theorem 11.81 instead of Theorem 11.31 to con- 
clude. □ 
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